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1 Introduction
In this paper it is our goal investigate the periodic character and the boundedness nature
of the positive solutions of the following difference equation:
xn+1 = max
{
An
xn
,
Bn
xn−2
}
, n = 0, 1, . . . , (1)
where {An}∞n=0 and {Bn}∞n=0 are sequences of positive real numbers and the initial con-
ditions x−2, x−1, and x0 are arbitrary positive real numbers.
First we will discuss the brief history of this particular difference equation:
xn+1 = max
{
An
xn
,
Bn
xn−1
}
, n = 0, 1, . . . , (2)
where {An}∞n=0 and {Bn}∞n=0 are periodic sequences of positive real numbers and the
initial conditions x−1 and x0 are arbitrary positive real numbers.
The case where An = 1 for all n ≥ 0 and {Bn}∞n=0 is a periodic sequence with minimal
period 3 was investigated by Grove, Kent, Ladas, and Radin in [4]. In particular, they
proved that every positive solution of Eq.(2) is unbounded if and only if
Bi+1 < 1 < Bi,
for some i ∈ {0, 1, 2}.
Then the investigation of the unbounded solutions proceeded by Kent and Radin in
[6]. In particular, they discovered that every positive solution of Eq.(2) is unbounded
if {An}∞n=0 is a periodic sequence of positive real numbers with minimal period p, for
p ∈ {1, 2, ..., }, and {Bn}∞n=0 is a sequence of positive real numbers that is periodic with
minimal period 3k, for k = 1, 2, ..., such that
B1+i+3j < min{A0, A1, ..., Ap−1} ≤ max{A0, A1, ..., Ap−1} < Bi+3j,
for some i ∈ {0, 1, 2} and for all j ∈ {0, 1, ..., k − 1}.
5
2 The Case where {An}∞n=0 is constant and {Bn}∞n=0 is
Periodic with Period 4
In this section we assume that An = 1 for all n ≥ 0 and {Bn}∞n=0 is a periodic sequence
of positive real numbers with minimal period four such that for some i ∈ {0, 1, 2, 3},
Bi+1 < 1 < Bi. (3)
We show that every positive solution of Eq.(1) is unbounded. We first establish some
useful lemmas. In particular, the next four lemmas will show that every positive solution
of Eq.(1) is unbounded and will consist of four subsequences; two of which converge to
0 and the other two diverge to infinity.
Lemma 1 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B3 < 1 < B2.
Then
lim
n→∞x4n+4 = limn→∞x4n+6 = 0 and limn→∞x4n+5 = limn→∞x4n+7 =∞ .
Proof: Observe that
x4 = max
{
1
x3
,
B3
x1
}
= max
 1max{ 1
x2
, B2
x0
} , B3
max
{
1
x0
, B0
x−2
}

= max
{
min
{
x2,
x0
B2
}
,min
{
B3x0,
B3x−2
B0
}}
.
Now we will consider the following four cases:
Case (1):
min
{
x2,
x0
B2
}
= x0
B2
= 1
B2
x0 .
Case (2):
min
{
x2,
x0
B2
}
= x2 ≤ 1B2x0 .
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Case (3):
min
{
B3x0,
B3x−2
B0
}
= B3x0 .
Case (4):
min
{
B3x0,
B3x−2
B0
}
= B3x−2
B0
≤ B3x0 .
Via cases (1) - (4), let
M = max
{
1
B2
, B3
}
< 1.
So from cases (1) - (4), we see that
x4 ≤ M x0 .
Via the inequality above and as {An}∞n=0 is periodic with period 4, it follows by induction
that for all n ≥ 0
x4n+4 ≤ Mn+1 x0 .
Hence
0 = lim
n→∞x4n+4 ≤ limn→∞M
n+1x0 = 0. (4)
Also for all n ≥ 0,
x4n+5 = max
{
1
x4n+4
,
B4n+4
x4n+2
}
≥ 1
x4n+4
.
Thus
lim
n→∞x4n+5 ≥ limn→∞
1
x4n+4
= +∞.
In addition, notice that
x4n+7 = max
{
1
x4n+6
,
B4n+6
x4n+4
}
≥ B4n+6
x4n+4
.
Thus,
lim
n→∞x4n+7 ≥ limn→∞
B4n+6
x4n+4
= +∞. (5)
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Now note that via (4), we get
lim
n→∞x4n+8 = 0. (6)
Furthermore, via (6) it follows that
lim
n→∞x4n+9 = max
{
lim
n→∞
1
x4n+8
, lim
n→∞
B4n+8
x4n+6
}
≥ lim
n→∞
1
x4n+8
= +∞. (7)
Hence via (5) and (7) we see that
lim
n→∞x4n+6 = limn→∞x4n+10 = max
{
lim
n→∞
1
x4n+9
, lim
n→∞
B4n+9
x4n+7
}
= 0.
Thus the result follows. 2
Lemma 2 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B0 < 1 < B3.
Then
lim
n→∞x4n+1 = limn→∞x4n+3 = 0 and limn→∞x4n+2 = limn→∞x4n+4 =∞ .
Proof: The proof is similar to the proof of Lemma (1) and will be omitted. 2
Lemma 3 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B1 < 1 < B0.
Then
lim
n→∞x4n+2 = limn→∞x4n+4 = 0 and limn→∞x4n+3 = limn→∞x4n+5 =∞ .
Proof: The proof is similar to the proof of Lemma (1) and will be omitted. 2
Lemma 4 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B2 < 1 < B1.
Then
lim
n→∞x4n+3 = limn→∞x4n+5 = 0 and limn→∞x4n+4 = limn→∞x4n+6 =∞ .
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Proof: The proof is similar to the proof of Lemma (1) and will be omitted. 2
Theorem 1 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3},
Bi+1 < 1 < Bi.
Then
lim
n→∞x4n+2+i = limn→∞x4n+4+i = 0 and limn→∞x4n+3+i = limn→∞x4n+5+i =∞ .
Proof: The proof follows from Lemmas (1) - (4) and will be omitted. 2
Remark 1 Note that if (3) does not hold true for all i ∈ {0, 1, 2, 3}, then every solution
of Eq. (1) is bounded and becomes eventually periodic.
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3 The Case where {An}∞n=0 is constant and {Bn}∞n=0 is
Periodic with Period 8
In this section we assume that An = 1 for all n ≥ 0 and {Bn}∞n=0 is a periodic sequence
of positive real numbers with minimal period eight such that for some i ∈ {0, 1, 2, 3},
one of the following conditions hold true:
Bi+1 < 1 < Bi and Bi+5 < 1 < Bi+4. (8)
Bi+1 < 1 < Bi and Bi+5 ≤ 1 ≤ Bi+4. (9)
Bi+1 ≤ 1 ≤ Bi and Bi+5 < 1 < Bi+4. (10)
We show that every positive solution of Eq.(1) is unbounded provided that either (8),
(9), or (10) hold true. We first establish some useful lemmas. In particular, the next four
lemmas will show that every positive solution of Eq.(1) is unbounded and will consist of
four subsequences; two of which converge to 0 and the other two diverge to infinity.
Lemma 5 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B3 < 1 < B2 and B7 < 1 < B6 .
Then
lim
n→∞x4n+4 = limn→∞x4n+6 = 0 and limn→∞x4n+5 = limn→∞x4n+7 =∞ .
Proof: Observe that
x4 = max
{
1
x3
,
B3
x1
}
= max
 1max{ 1
x2
, B2
x0
} , B3
max
{
1
x0
, B0
x−2
}

= max
{
min
{
x2,
x0
B2
}
,min
{
B3x0,
B3x−2
B0
}}
.
As in Lemma (1), we will consider the following four cases:
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Case (1):
min
{
x2,
x0
B2
}
= x0
B2
= 1
B2
x0 .
Case (2):
min
{
x2,
x0
B2
}
= x2 ≤ 1B2x0 .
Case (3):
min
{
B3x0,
B3x−2
B0
}
= B3x0 .
Case (4):
min
{
B3x0,
B3x−2
B0
}
= B3x−2
B0
≤ B3x0 .
Also notice that
x8 = max
{
1
x7
,
B7
x5
}
= max
 1max{ 1
x6
, B6
x4
} , B7
max
{
1
x4
, B4
x2
}

= max
{
min
{
x6,
x4
B6
}
,min
{
B7x4,
B7x2
B4
}}
.
Similarly as in cases (1) - (4), we get:
(i)
min
{
x6,
x4
B6
}
= x4
B6
= 1
B6
x4 .
(ii)
min
{
x6,
x4
B6
}
= x6 ≤ 1B6x4 .
(iii)
min
{
B7x4,
B7x2
B4
}
= B7x4 .
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(iv)
min
{
B7x4,
B7x2
B4
}
= B7x2
B4
≤ B7x4 .
Via cases (1) - (4) and (i), (ii), (iii), and (iv), let
M = max
{
1
B2
,
1
B6
, B3, B7
}
< 1.
Thus, we see that
x8 ≤ M x4 , (11)
and
x4 ≤ M x0 . (12)
Therefore via (11), (12) and as {An}∞n=0 is periodic with period 8, it follows by induction
that for all n ≥ 0,
x4n+4 ≤ Mn+1 x0 .
Hence
0 = lim
n→∞x4n+4 ≤ limn→∞M
n+1x0 = 0. (13)
Also for all n ≥ 0,
x4n+5 = max
{
1
x4n+4
,
B4n+4
x4n+2
}
≥ 1
x4n+4
.
Thus
lim
n→∞x4n+5 ≥ limn→∞
1
x4n+4
= +∞.
In addition, notice that
x4n+7 = max
{
1
x4n+6
,
B4n+6
x4n+4
}
≥ B4n+6
x4n+4
.
Thus,
lim
n→∞x4n+7 ≥ limn→∞
B4n+6
x4n+4
= +∞. (14)
Now note that via (13), we get
lim
n→∞x4n+8 = 0. (15)
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Furthermore, via (15) it follows that
lim
n→∞x4n+9 = max
{
lim
n→∞
1
x4n+8
, lim
n→∞
B4n+8
x4n+6
}
≥ lim
n→∞
1
x4n+8
= +∞. (16)
Hence via (14) and (16) we see that
lim
n→∞x4n+6 = limn→∞x4n+10 = max
{
lim
n→∞
1
x4n+9
, lim
n→∞
B4n+9
x4n+7
}
= 0.
Thus the result follows.
2
Lemma 6 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B4 < 1 < B3 and B0 < 1 < B7 .
Then
lim
n→∞x4n+5 = limn→∞x4n+7 = 0 and limn→∞x4n+6 = limn→∞x4n+8 =∞ .
Proof: The proof is similar to the proof of Lemma (5) and will be omitted. 2
Lemma 7 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B5 < 1 < B4 and B1 < 1 < B0 .
Then
lim
n→∞x4n+6 = limn→∞x4n+8 = 0 and limn→∞x4n+7 = limn→∞x4n+9 =∞ .
Proof: The proof is similar to the proof of Lemma (5) and will be omitted. 2
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Lemma 8 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B6 < 1 < B5 and B2 < 1 < B1 .
Then
lim
n→∞x4n+7 = limn→∞x4n+9 = 0 and limn→∞x4n+8 = limn→∞x4n+10 =∞ .
Proof: The proof is similar to the proof of Lemma (5) and will be omitted. 2
Theorem 2 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3},
Bi+1 < 1 < Bi and Bi+5 < 1 < Bi+4 .
Then
lim
n→∞x4n+2+i = limn→∞x4n+4+i = 0 and limn→∞x4n+3+i = limn→∞x4n+5+i =∞ .
Proof: The proof follows from Lemmas (5) - (8) and will be omitted. 2
The next four lemmas will assume that for some i ∈ {0, 1, 2, 3}, one of the following
conditions hold true:
Bi+1 < 1 < Bi and Bi+5 ≤ 1 ≤ Bi+4,
or
Bi+1 ≤ 1 ≤ Bi and Bi+5 < 1 < Bi+4.
and show that every positive solution of Eq.(1) is unbounded and will consist of eight
subsequences; four of which converge to 0 and the other four diverge to infinity.
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Lemma 9 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that either
B3 < 1 < B2 and B7 ≤ 1 ≤ B6
or
B3 ≤ 1 ≤ B2 and B7 < 1 < B6 .
Then
lim
n→∞x8n+8 = limn→∞x8n+10 = limn→∞x8n+12 = limn→∞x8n+14 = 0
and
lim
n→∞x8n+9 = limn→∞x8n+11 = limn→∞x8n+13 = limn→∞x8n+15 =∞ .
Proof: It suffices to consider the case where
B3 < 1 < B2 and B7 ≤ 1 ≤ B6 .
The case where
B3 ≤ 1 ≤ B2 and B7 < 1 < B6
is similar and will be omitted.
As in Lemma (5), we let
M = max
{
1
B2
, B3
}
< 1 .
Therefore, we see that
x8 ≤ x4 ≤M x0 .
Thus, via the above inequality and as {An}∞n=0 is periodic with period 8, it follows by
induction that for all n ≥ 0,
x8n+8 ≤ Mn+1 x0 .
So we see that
0 = lim
n→∞x8n+8 ≤ limn→∞M
n+1x0 = 0.
Hence,
x8n+9 = max
{
1
x8n+8
,
B8n+8
x8n+6
}
≥ 1
x8n+8
.
Therefore
lim
n→∞x8n+9 ≥ limn→∞
1
x8n+8
=∞ . (17)
In addition, notice that
x8n+11 = max
{
1
x8n+10
,
B8n+10
x8n+8
}
≥ B8n+10
x8n+8
.
15
Then
lim
n→∞x8n+11 ≥ limn→∞
B8n+10
x8n+8
=∞ . (18)
Also, note that
x8n+12 = max
{
1
x8n+11
,
B8n+11
x8n+9
}
.
Then via (17) and (18), we get
lim
n→∞x8n+12 = max
{
lim
n→∞
1
x8n+11
, lim
n→∞
B8n+11
x8n+9
}
= 0 .
In addition,
lim
n→∞x8n+8 = limn→∞x8n+16 = max
{
lim
n→∞
1
x8n+15
, lim
n→∞
B8n+15
x8n+13
}
= 0 .
Thus it follows that
lim
n→∞x8n+13 = limn→∞x8n+15 =∞ . (19)
Now note that
x8n+18 = max
{
1
x8n+17
,
B8n+17
x8n+15
}
.
Then via (17) and (19),
lim
n→∞x8n+10 = limn→∞x8n+18 = max
{
lim
n→∞
1
x8n+17
, lim
n→∞
B8n+17
x8n+15
}
= max
{
lim
n→∞
1
x8n+9
, lim
n→∞
B8n+17
x8n+15
}
= 0 .
Finally, note that
x8n+14 = max
{
1
x8n+13
,
B8n+13
x8n+11
}
.
Then via (18) and (19),
lim
n→∞x8n+14 = max
{
lim
n→∞
1
x8n+13
, lim
n→∞
B8n+13
x8n+11
}
= 0 .
Hence the result follows. 2
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Lemma 10 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that either
B4 < 1 < B3 and B0 ≤ 1 ≤ B7
or
B4 ≤ 1 ≤ B3 and B0 < 1 < B7 .
Then
lim
n→∞x8n+9 = limn→∞x8n+11 = limn→∞x8n+13 = limn→∞x8n+15 = 0
and
lim
n→∞x8n+10 = limn→∞x8n+12 = limn→∞x8n+14 = limn→∞x8n+16 =∞ .
Proof: The proof is similar to the proof of Lemma (9) and will be omitted. 2
Lemma 11 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that either
B5 < 1 < B4 and B1 ≤ 1 ≤ B0
or
B5 ≤ 1 ≤ B4 and B1 < 1 < B0 .
Then
lim
n→∞x8n+10 = limn→∞x8n+12 = limn→∞x8n+14 = limn→∞x8n+16 = 0
and
lim
n→∞x8n+11 = limn→∞x8n+13 = limn→∞x8n+15 = limn→∞x8n+17 =∞ .
Proof: The proof is similar to the proof of Lemma (9) and will be omitted. 2
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Lemma 12 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that either
B6 < 1 < B5 and B2 ≤ 1 ≤ B1
or
B6 ≤ 1 ≤ B5 and B2 < 1 < B1 .
Then
lim
n→∞x8n+11 = limn→∞x8n+13 = limn→∞x8n+15 = limn→∞x8n+15 = 0
and
lim
n→∞x8n+12 = limn→∞x8n+14 = limn→∞x8n+16 = limn→∞x8n+18 =∞ .
Proof: The proof is similar to the proof of Lemma (9) and will be omitted. 2
Theorem 3 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3}
either,
Bi+1 < 1 < Bi and Bi+5 ≤ 1 ≤ Bi+4 ,
or
Bi+1 ≤ 1 ≤ Bi and Bi+5 < 1 < Bi+4 .
Then
lim
n→∞x8n+i+6 = limn→∞x8n+i+8 = limn→∞x8n+i+10 = limn→∞x8n+i+12 = 0
and
lim
n→∞x8n+i+7 = limn→∞x8n+i+9 = limn→∞x8n+i+11 = limn→∞x8n+i+13 =∞ .
Proof: The proof follows from Lemmas (9) - (12) and will be omitted. 2
Remark 2 Note that if (8), (9), and (10) do not hold true for all i ∈ {0, 1, 2, 3}, then
every solution of Eq. (1) is bounded and becomes eventually periodic.
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4 The Case {An}∞n=0 = 1 and {Bn}∞n=0 is Periodic with
Period 4k for k = 2, 3, 4,...
In this section we assume that An = 1 for all n ≥ 0, and {Bn}∞n=0 is a periodic sequence
of positive real numbers with minimal period 4k for k = 2, 3, ..., such that for some
i ∈ {0, 1, 2, 3}, one of the following conditions hold true:
(i) For all j = 0, 4, 8, ..., 4k − 4
B(i+1)+j < 1 < B(i)+j . (20)
(ii) There exists j = 0, 4, 8, ..., 4k − 4 such that
B(i+1)+j ≤ 1 ≤ B(i)+j , (21)
and there exists l 6= j, l = 0, 4, 8, ..., 4k − 4 such that
B(i+1)+l < 1 < B(i)+l . (22)
We show that every positive solution of Eq.(1) is unbounded. We first establish some
useful lemmas. In particular, the next four lemmas will show that every positive solution
of Eq.(1) is unbounded and will consist of four subsequences; two of which converge to
0 and the other two diverge to infinity.
Lemma 13 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B3 < 1 < B2 , B7 < 1 < B6 , ... , B3+(4k−4) < 1 < B2+(4k−4) .
Then
lim
n→∞x4n+4 = limn→∞x4n+6 = 0
and
lim
n→∞x4n+5 = limn→∞x4n+7 =∞ .
Proof: As in Lemma (1) and Lemma (5), we let
M = max
{
1
B2
,
1
B6
, ... ,
1
B2+(4k−4)
, B3 , B7 , ... , B3+(4k−4)
}
< 1.
Thus, it follows by induction that for all n ≥ 0,
x4 ≤ M x0, x8 ≤ M x4, ... , x4k ≤ M x4k−4 .
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Therefore, via the above inequality and as {An}∞n=0 is periodic with period 4k, it follows
by induction that for all n ≥ 0,
x4n+4 ≤ Mn+1 x0 .
So we see that
0 = lim
n→∞x4n+4 ≤ limn→∞M
n+1x0 = 0 . (23)
Also for all n ≥ 0,
x4n+5 = max
{
1
x4n+4
,
B4n+4
x4n+2
}
≥ 1
x4n+4
.
Thus
lim
n→∞x4n+5 ≥ limn→∞
1
x4n+4
= +∞.
In addition, notice that
x4n+7 = max
{
1
x4n+6
,
B4n+6
x4n+4
}
≥ B4n+6
x4n+4
.
Thus,
lim
n→∞x4n+7 ≥ limn→∞
B4n+6
x4n+4
= +∞. (24)
Now note that via (23), we get
lim
n→∞x4n+8 = 0. (25)
Furthermore, via (25) it follows that
lim
n→∞x4n+9 = max
{
lim
n→∞
1
x4n+8
, lim
n→∞
B4n+8
x4n+6
}
≥ lim
n→∞
1
x4n+8
= +∞. (26)
Hence via (24) and (26) we see that
lim
n→∞x4n+6 = limn→∞x4n+10 = max
{
lim
n→∞
1
x4n+9
, lim
n→∞
B4n+9
x4n+7
}
= 0.
Thus the result follows.
2
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Lemma 14 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B4 < 1 < B3 , B8 < 1 < B7 , ... , B4+(4k−4) < 1 < B3+(4k−4) .
Then
lim
n→∞x4n+5 = limn→∞x4n+7 = 0
and
lim
n→∞x4n+6 = limn→∞x4n+8 =∞ .
Proof: The proof is similar to the proof of Lemma (13) and will be omitted. 2
Lemma 15 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B5 < 1 < B4 , B9 < 1 < B8 , ... , B5+(4k−4) < 1 < B4+(4k−4) .
Then
lim
n→∞x4n+6 = limn→∞x4n+8 = 0
and
lim
n→∞x4n+7 = limn→∞x4n+9 =∞ .
Proof: The proof is similar to the proof of Lemma (13) and will be omitted. 2
Lemma 16 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B6 < 1 < B5 , B10 < 1 < B9 , ... , B6+(4k−4) < 1 < B5+(4k−4) .
Then
lim
n→∞x4n+7 = limn→∞x4n+9 = 0
and
lim
n→∞x4n+8 = limn→∞x4n+10 =∞ .
Proof: The proof is similar to the proof of Lemma (13) and will be omitted. 2
Theorem 4 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3},
Bi+1 < 1 < Bi , B(i+1)+4 < 1 < Bi+4 , ... , B(i+1)+(4k−4) < 1 < Bi+(4k−4) .
Then
lim
n→∞x4n+2+i = limn→∞x4n+4+i = 0 and limn→∞x4n+3+i = limn→∞x4n+5+i =∞ .
Proof: The proof follows from Lemmas (13) - (16) and will be omitted. 2
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The next four lemmas will assume that for some i ∈ {0, 1, 2, 3}, there exists j =
0, 4, 8, ..., 4k − 4 such that
B(i+1)+j ≤ 1 ≤ B(i)+j ,
and there exists l 6= j, l = 0, 4, 8, ..., 4k − 4 such that
B(i+1)+l < 1 < B(i)+l .
and show that every positive solution of Eq.(1) is unbounded and will consist of 4k
subsequences; 2k of which converge to 0 and the other 2k diverge to infinity.
Lemma 17 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B3 < 1 < B2 , B7 ≤ 1 ≤ B6 , ... , B3+(4k−4) ≤ 1 ≤ B2+(4k−4) .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r = 0
and
lim
n→∞x4kn+4k+2r+1 =∞ .
Proof: As in Lemma (9), we let
M = max
{
1
B2
, B3
}
< 1 .
Therefore, similarly as in Lemma (9) we get
x4k ≤ x4k−4 ≤ ... ≤ x8 ≤ x4 ≤Mx0 .
Thus, via the above inequality and as {An}∞n=0 is periodic with period 4k, it follows by
induction that for all n ≥ 0,
x4kn+4k ≤ Mn+1 x0 .
So we see that
lim
n→∞x4kn+4k = 0 .
In addition, notice that
x(4kn+4k)+1 = max
{
1
x4kn+4k
,
B4kn+4k
x(4kn+4k)−2
}
≥ 1
x4kn+4k
.
Hence
lim
n→∞x(4kn+4k)+1 ≥ limn→∞
1
x4kn+4k
= +∞. (27)
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Also, note that
x(4kn+4k)+3 = max
{
1
x(4kn+4k)+2
,
B(4kn+4k)+2
x4kn+4k
}
≥ B(4kn+4k)+2
x4kn+4k
.
Thus,
lim
n→∞x(4kn+4k)+3 ≥ limn→∞
B(4kn+4k)+2
x4kn+4k
= +∞. (28)
Furthermore,
x(4kn+4k)+4 = max
{
1
x(4kn+4k)+3
,
B(4kn+4k)+3
x(4kn+4k)+1
}
.
Hence via (27) and (28), it follows that
lim
n→∞x(4kn+4k)+4 = max
{
lim
n→∞
1
x(4kn+4k)+3
, lim
n→∞
B(4kn+4k)+3
x(4kn+4k)+1
}
= 0. (29)
Also,
x(4kn+4k)+5 = max
{
1
x(4kn+4k)+4
,
B(4kn+4k)+4
x(4kn+4k)+2
}
≥ 1
x(4kn+4k)+4
.
Hence via (29) we get
lim
n→∞x(4kn+4k)+5 ≥ limn→∞
1
x(4kn+4k)+4
=∞. (30)
In addition, observe that
x(4kn+4k)+6 = max
{
1
x(4kn+4k)+5
,
B(4kn+4k)+5
x(4kn+4k)+3
}
.
Hence via (28) and (30) we see that
lim
n→∞x(4kn+4k)+6 = max
{
lim
n→∞
1
x(4kn+4k)+5
, lim
n→∞
B(4kn+4k)+5
x(4kn+4k)+3
}
= 0. (31)
Now observe that
x(4kn+4k)+7 = max
{
1
x(4kn+4k)+6
,
B(4kn+4k)+6
x(4kn+4k)+4
}
.
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Thus via (31), we see that
lim
n→∞x(4kn+4k)+7 ≥ limn→∞
1
x(4kn+4k)+6
=∞.
Similarly as in Lemma (9), we continue this process inductively, from which the result
follows that for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r = 0 and limn→∞x4kn+4k+2r+1 =∞ .
2
Lemma 18 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B4 < 1 < B3 , B8 ≤ 1 ≤ B7 , ... , B4+(4k−4) ≤ 1 ≤ B3+(4k−4) .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r+1 = 0
and
lim
n→∞x4kn+4k+2r+2 =∞ .
Proof: The proof is similar to the proof of Lemma (17) and will be omitted. 2
Lemma 19 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B5 < 1 < B4 , B9 ≤ 1 ≤ B8 , ... , B5+(4k−4) ≤ 1 ≤ B4+(4k−4) .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r+2 = 0
and
lim
n→∞x4kn+4k+2r+3 =∞ .
Proof: The proof is similar to the proof of Lemma (17) and will be omitted. 2
Lemma 20 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B6 < 1 < B5 , B10 ≤ 1 ≤ B9 , ... , B6+(4k−4) ≤ 1 ≤ B5+(4k−4) .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r+3 = 0
and
lim
n→∞x4kn+4k+2r+4 =∞ .
Proof: The proof is similar to the proof of Lemma (17) and will be omitted. 2
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Theorem 5 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3}
the following two conditions hold true:
(-) There exists j = 0, 4, 8, ..., 4k − 4 such that
B(i+1)+j ≤ 1 ≤ B(i)+j .
(-) There exists l 6= j, l = 0, 4, 8, ..., 4k − 4 such that
B(i+1)+l < 1 < B(i)+l .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x(4kn+4k)+2r+i = 0
and
lim
n→∞x(4kn+4k)+2r+(i+1) =∞ .
Proof: The proof follows from Lemmas (17) - (20) and will be omitted. 2
Remark 3 Note that if (20), (21), and (22) do not hold true for all i ∈ {0, 1, 2, 3}, then
every solution of Eq. (1) is bounded and becomes eventually periodic.
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5 The Case {An}∞n=0 is periodic with period p and
{Bn}∞n=0 is Periodic with Period 4
In this section we assume that {An}∞n=0 is a periodic sequence with period p = 1, 2, 3, . . . ,
and {Bn}∞n=0 is a periodic sequence of positive real numbers with minimal period 4. Now
let
mp = min{A0, A1, ..., Ap−1} and Mp = max{A0, A1, ..., Ap−1} .
Suppose that for some i ∈ {0, 1, 2, 3},
Bi+1 < mp ≤Mp < Bi. (32)
We show that every positive solution of Eq.(1) is unbounded. We first establish some
useful lemmas. In particular, the next four lemmas will show that every positive solution
of Eq.(1) is unbounded and will consist of four subsequences; two of which converge to
0 and the other two diverge to infinity.
Lemma 21 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B3 < mp ≤Mp < B2.
Then
lim
n→∞x4n+4 = limn→∞x4n+6 = 0 and limn→∞x4n+5 = limn→∞x4n+7 =∞ .
Proof: Observe that
x4 = max
{
A3
x3
,
B3
x1
}
= max
 A3max{A2
x2
, B2
x0
} , B3
max
{
A0
x0
, B0
x−2
}

= max
{
min
{
A3x2,
A3x0
B2
}
,min
{
B3x0
A0
,
B3x−2
B0
}}
.
Now we will consider the following four cases:
Case (1):
min
{
A3x2,
A3x0
B2
}
= A3x0
B2
= A3
B2
x0 ≤ MpB2 x0 .
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Case (2):
min
{
A3x2,
A3x0
B2
}
= A3x2 ≤ A3B2x0 ≤
Mp
B2
x0 .
Case (3):
min
{
B3x0
A0
, B3x−2
B0
}
= B3x0
A0
≤ B3
mp
x0 .
Case (4):
min
{
B3x0
A0
, B3x−2
B0
}
= B3x−2
B0
≤ B3
mp
x0 .
Via cases (1) - (4), let
M = max
{
Mp
B2
,
B3
mp
}
< 1.
So from cases (1) - (4), we see that
x4 ≤ M x0 .
Therefore, via the inequality above and as {An}∞n=0 is periodic with period 4, it follows
by induction that for all n ≥ 0
x4n+4 ≤ Mn+1 x0 .
Hence
0 = lim
n→∞x4n+4 ≤ limn→∞M
n+1x0 = 0. (33)
Also for all n ≥ 0,
x4n+5 = max
{
A4n+4
x4n+4
,
B4n+4
x4n+2
}
≥ A4n+4
x4n+4
.
Thus
lim
n→∞x4n+5 ≥ limn→∞
A4n+4
x4n+4
= +∞.
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In addition, notice that
x4n+7 = max
{
A4n+6
x4n+6
,
B4n+6
x4n+4
}
≥ B4n+6
x4n+4
.
Thus,
lim
n→∞x4n+7 ≥ limn→∞
B4n+6
x4n+4
= +∞. (34)
Now note that via (33), we get
lim
n→∞x4n+8 = 0. (35)
Furthermore, via (35) it follows that
lim
n→∞x4n+9 = max
{
lim
n→∞
A4n+8
x4n+8
, lim
n→∞
B4n+8
x4n+6
}
≥ lim
n→∞
A4n+8
x4n+8
= +∞. (36)
Hence via (34) and (36) we see that
lim
n→∞x4n+6 = limn→∞x4n+10 = max
{
lim
n→∞
A4n+9
x4n+9
, lim
n→∞
B4n+9
x4n+7
}
= 0.
Thus the result follows.
2
Lemma 22 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B0 < mp ≤Mp < B3.
Then
lim
n→∞x4n+1 = limn→∞x4n+3 = 0 and limn→∞x4n+2 = limn→∞x4n+4 =∞ .
Proof: The proof is similar to the proof of Lemma (21) and will be omitted. 2
Lemma 23 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B1 < mp ≤Mp < B0.
Then
lim
n→∞x4n+2 = limn→∞x4n+4 = 0 and limn→∞x4n+3 = limn→∞x4n+5 =∞ .
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Proof: The proof is similar to the proof of Lemma (21) and will be omitted. 2
Lemma 24 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B2 < mp ≤Mp < B1.
Then
lim
n→∞x4n+3 = limn→∞x4n+5 = 0 and limn→∞x4n+4 = limn→∞x4n+6 =∞ .
Proof: The proof is similar to the proof of Lemma (21) and will be omitted. 2
Theorem 6 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3},
Bi+1 < mp ≤Mp < Bi.
Then
lim
n→∞x4n+2+i = limn→∞x4n+4+i = 0 and limn→∞x4n+3+i = limn→∞x4n+5+i =∞ .
Proof: The proof follows from Lemmas (21) - (24) and will be omitted. 2
Remark 4 Note that if (32) does not hold true for all i ∈ {0, 1, 2, 3}, then every solution
of Eq. (1) is bounded and becomes eventually periodic.
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6 The Case where {An}∞n=0 is periodic with period p
and {Bn}∞n=0 is Periodic with Period 8
In this section we assume that {An}∞n=0 is a periodic sequence with period p = 1, 2, 3, . . . ,
and {Bn}∞n=0 is a periodic sequence of positive real numbers with minimal period eight.
Now let
mp = min{A0, A1, ..., Ap−1} and Mp = max{A0, A1, ..., Ap−1} .
Suppose that for some i ∈ {0, 1, 2, 3}, one of the following conditions hold true:
Bi+1 < mp ≤Mp < Bi and Bi+5 < mp ≤Mp < Bi+4. (37)
Bi+1 < mp ≤Mp < Bi and Bi+5 ≤ mp ≤Mp ≤ Bi+4. (38)
Bi+1 ≤ mp ≤Mp ≤ Bi and Bi+5 < mp ≤Mp < Bi+4. (39)
We show that every positive solution of Eq.(1) is unbounded provided that either (37),
(38), or (39) hold true. We first establish some useful lemmas. In particular, the next
four lemmas will show that every positive solution of Eq.(1) is unbounded and will
consist of four subsequences; two of which converge to 0 and the other two diverge to
infinity.
Lemma 25 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B3 < mp ≤Mp < B2 and B7 < mp ≤Mp < B6 .
Then
lim
n→∞x4n+4 = limn→∞x4n+6 = 0 and limn→∞x4n+5 = limn→∞x4n+7 =∞ .
Proof: Observe that
x4 = max
{
A3
x3
,
B3
x1
}
= max
 A3max{A2
x2
, B2
x0
} , B3
max
{
A0
x0
, B0
x−2
}

= max
{
min
{
A3x2
A2
,
A3x0
B2
}
,min
{
B3x0
A0
,
B3x−2
B0
}}
.
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As in Lemma (1), we will consider the following four cases:
Case (1):
min
{
A3x2
A2
, A3x0
B2
}
= A3x0
B2
≤ Mp
B2
x0 .
Case (2):
min
{
A3x2
A2
, A3x0
B2
}
= A3x2
A2
≤ A3
B2
x0 ≤ MpB2 x0 .
Case (3):
min
{
B3x0
A0
, B3x−2
B0
}
= B3x0
A0
≤ B3
mp
x0 .
Case (4):
min
{
B3x0
A0
, B3x−2
B0
}
= B3x−2
B0
≤ B3x0
A0
≤ B3
mp
x0 .
Also notice that
x8 = max
{
A7
x7
,
B7
x5
}
= max
 A7max{A6
x6
, B6
x4
} , B7
max
{
A4
x4
, B4
x2
}

= max
{
min
{
A7x6
A6
,
A7x4
B6
}
,min
{
B7x4
A4
,
B7x2
B4
}}
.
Similarly as in cases (1) - (4), we get:
(i)
min
{
A7x6
A6
, A7x4
B6
}
= A7x4
B6
≤ Mp
B6
x4 .
(ii)
min
{
A7x6
A6
, x4
B6
}
= A7x6
A6
≤ A7
B6
x4 ≤ MpB6 x4 .
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(iii)
min
{
B7x4
A4
, B7x2
B4
}
= B7x4
A4
≤ B7
mp
x4 .
(iv)
min
{
B7x4
A4
, B7x2
B4
}
= B7x2
B4
≤ B7x4
A4
≤ B7
mp
x4 .
Via cases (1) - (4) and (i), (ii), (iii), and (iv), let
M = max
{
Mp
B2
,
Mp
B6
,
B3
mp
,
B7
mp
}
< 1.
Thus, we see that
x8 ≤ M x4 , (40)
and
x4 ≤ M x0 . (41)
Therefore, via (40), (41) and as {An}∞n=0 is periodic with period 8, it follows by induction
that for all n ≥ 0
x4n+4 ≤ Mn+1 x0 .
Hence
0 = lim
n→∞x4n+4 ≤ limn→∞M
n+1x0 = 0. (42)
Also for all n ≥ 0,
x4n+5 = max
{
A4n+4
x4n+4
,
B4n+4
x4n+2
}
≥ A4n+4
x4n+4
.
Thus
lim
n→∞x4n+5 ≥ limn→∞
A4n+4
x4n+4
= +∞.
In addition, notice that
x4n+7 = max
{
A4n+6
x4n+6
,
B4n+6
x4n+4
}
≥ B4n+6
x4n+4
.
Thus,
lim
n→∞x4n+7 ≥ limn→∞
B4n+6
x4n+4
= +∞. (43)
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Now note that via (42), we get
lim
n→∞x4n+8 = 0. (44)
Furthermore, via (44) it follows that
lim
n→∞x4n+9 = max
{
lim
n→∞
A4n+8
x4n+8
, lim
n→∞
B4n+8
x4n+6
}
≥ lim
n→∞
A4n+8
x4n+8
= +∞. (45)
Hence via (43) and (45) we see that
lim
n→∞x4n+6 = limn→∞x4n+10 = max
{
lim
n→∞
A4n+9
x4n+9
, lim
n→∞
B4n+9
x4n+7
}
= 0.
Thus the result follows.
2
Lemma 26 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B4 < mp ≤Mp < B3 and B0 < mp ≤Mp < B7 .
Then
lim
n→∞x4n+5 = limn→∞x4n+7 = 0 and limn→∞x4n+6 = limn→∞x4n+8 =∞ .
Proof: The proof is similar to the proof of Lemma (25) and will be omitted. 2
Lemma 27 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B5 < mp ≤Mp < B4 and B1 < mp ≤Mp < B0 .
Then
lim
n→∞x4n+6 = limn→∞x4n+8 = 0 and limn→∞x4n+7 = limn→∞x4n+9 =∞ .
Proof: The proof is similar to the proof of Lemma (25) and will be omitted. 2
Lemma 28 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B6 < mp ≤Mp < B5 and B2 < mp ≤Mp < B1 .
Then
lim
n→∞x4n+7 = limn→∞x4n+9 = 0 and limn→∞x4n+8 = limn→∞x4n+10 =∞ .
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Proof: The proof is similar to the proof of Lemma (25) and will be omitted. 2
Theorem 7 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3},
Bi+1 < mp ≤Mp < Bi and Bi+5 < mp ≤Mp < Bi+4 .
Then
lim
n→∞x4n+2+i = limn→∞x4n+4+i = 0 and limn→∞x4n+3+i = limn→∞x4n+5+i =∞ .
Proof: The proof follows from Lemmas (25) - (28) and will be omitted. 2
The next four lemmas will assume that for some i ∈ {0, 1, 2, 3}, one of the following
conditions hold true:
Bi+1 < mp ≤Mp < Bi and Bi+5 ≤ mp ≤Mp ≤ Bi+4,
or
Bi+1 ≤ mp ≤Mp ≤ Bi and Bi+5 < mp ≤Mp < Bi+4,
and show that every positive solution of Eq.(1) is unbounded and will consist of eight
subsequences; four of which converge to 0 and the other four diverge to infinity.
Lemma 29 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that either
B3 < mp ≤Mp < B2 and B7 ≤ mp ≤Mp ≤ B6
or
B3 ≤ mp ≤Mp ≤ B2 and B7 < mp ≤Mp < B6 .
Then
lim
n→∞x8n+8 = limn→∞x8n+10 = limn→∞x8n+12 = limn→∞x8n+14 = 0 .
and
lim
n→∞x8n+9 = limn→∞x8n+11 = limn→∞x8n+13 = limn→∞x8n+15 =∞ .
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Proof: It suffices to consider the case where
B3 < mp ≤Mp < B2 and B7 ≤ mp ≤Mp ≤ B6 .
The case where
B3 ≤ mp ≤Mp ≤ B2 and B7 < mp ≤Mp < B6 ,
is similar and will be omitted.
As in Lemma (9), we let
M = max
{
Mp
B2
,
B3
mp
}
< 1 .
Therefore, we see that
x8 ≤ x4 ≤M x0 .
Thus, via the inequality above and as {An}∞n=0 is periodic with period 8, it follows by
induction that for all n ≥ 0,
x8n+8 ≤ Mn+1 x0 .
So we see that
0 = lim
n→∞x8n+8 ≤ limn→∞M
n+1x0 = 0.
Hence,
x8n+9 = max
{
A8n+8
x8n+8
,
B8n+8
x8n+6
}
≥ A8n+8
x8n+8
.
Therefore
lim
n→∞x8n+9 ≥ limn→∞
A8n+8
x8n+8
=∞ . (46)
In addition, notice that
x8n+11 = max
{
A8n+10
x8n+10
,
B8n+10
x8n+8
}
≥ B8n+10
x8n+8
.
Then
lim
n→∞x8n+11 ≥ limn→∞
B8n+10
x8n+8
=∞ . (47)
Also, note that
x8n+12 = max
{
A8n+11
x8n+11
,
B8n+11
x8n+9
}
.
Then via (46) and (47), we get
lim
n→∞x8n+12 = max
{
lim
n→∞
A8n+11
x8n+11
, lim
n→∞
B8n+11
x8n+9
}
= 0 .
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In addition,
lim
n→∞x8n+8 = limn→∞x8n+16 = max
{
lim
n→∞
A8n+15
x8n+15
, lim
n→∞
B8n+15
x8n+13
}
= 0 .
Thus it follows that
lim
n→∞x8n+13 = limn→∞x8n+15 =∞ . (48)
Now note that
x8n+18 = max
{
A8n+17
x8n+17
,
B8n+17
x8n+15
}
.
Then via (46) and (48),
lim
n→∞x8n+10 = limn→∞x8n+18 = max
{
lim
n→∞
A8n+17
x8n+17
, lim
n→∞
B8n+17
x8n+15
}
= max
{
lim
n→∞
A8n+9
x8n+9
, lim
n→∞
B8n+17
x8n+15
}
= 0 .
Finally, note that
x8n+14 = max
{
A8n+13
x8n+13
,
B8n+13
x8n+11
}
.
Then via (47) and (48),
lim
n→∞x8n+14 = max
{
lim
n→∞
A8n+13
x8n+13
, lim
n→∞
B8n+13
x8n+11
}
= 0 .
Hence the result follows. 2
Lemma 30 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that either
B4 < mp ≤Mp < B3 and B0 ≤ mp ≤Mp ≤ B7
or
B4 ≤ mp ≤Mp ≤ B3 and B0 < mp ≤Mp < B7
Then
lim
n→∞x8n+9 = limn→∞x8n+11 = limn→∞x8n+13 = limn→∞x8n+15 = 0 .
and
lim
n→∞x8n+10 = limn→∞x8n+12 = limn→∞x8n+14 = limn→∞x8n+16 =∞ .
Proof: The proof is similar to the proof of Lemma (29) and will be omitted. 2
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Lemma 31 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that either
B5 < mp ≤Mp < B4 and B1 ≤ mp ≤Mp ≤ B0
or
B5 ≤ mp ≤Mp ≤ B4 and B1 < mp ≤Mp < B0
Then
lim
n→∞x8n+10 = limn→∞x8n+12 = limn→∞x8n+14 = limn→∞x8n+16 = 0 .
and
lim
n→∞x8n+11 = limn→∞x8n+13 = limn→∞x8n+15 = limn→∞x8n+17 =∞ .
Proof: The proof is similar to the proof of Lemma (29) and will be omitted. 2
Lemma 32 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that either
B6 < mp ≤Mp < B5 and B2 ≤ mp ≤Mp ≤ B1
or
B6 ≤ mp ≤Mp ≤ B5 and B2 < mp ≤Mp < B1
Then
lim
n→∞x8n+11 = limn→∞x8n+13 = limn→∞x8n+15 = limn→∞x8n+15 = 0 .
and
lim
n→∞x8n+12 = limn→∞x8n+14 = limn→∞x8n+16 = limn→∞x8n+18 =∞ .
Proof: The proof is similar to the proof of Lemma (29) and will be omitted. 2
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Theorem 8 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3}
either,
Bi+1 < mp ≤Mp < Bi and Bi+5 ≤ mp ≤Mp ≤ Bi+4 ,
or
Bi+1 ≤ mp ≤Mp ≤ Bi and Bi+5 < mp ≤Mp < Bi+4 .
Then
lim
n→∞x8n+i+6 = limn→∞x8n+i+8 = limn→∞x8n+i+10 = limn→∞x8n+i+12 = 0 .
and
lim
n→∞x8n+i+7 = limn→∞x8n+i+9 = limn→∞x8n+i+11 = limn→∞x8n+i+13 =∞ .
Proof: The proof follows from Lemmas (29) - (32) and will be omitted. 2
Remark 5 Note that if (37), (38), (39) do not hold true for all i ∈ {0, 1, 2, 3}, then
every solution of Eq. (1) is bounded and becomes eventually periodic.
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7 The Case {An}∞n=0 is periodic with period p and
{Bn}∞n=0 is Periodic with Period 4k for k = 2, 3,
4,...
In this section we assume that {An}∞n=0 is periodic with period p = 1, 2, 3, . . . , and
{Bn}∞n=0 is a periodic sequence of positive real numbers with minimal period 4k for
k = 2, 3, .... Now let
mp = min{A0, A1, ..., Ap−1} and Mp = max{A0, A1, ..., Ap−1} .
Suppose that for some i ∈ {0, 1, 2, 3}, one of the following conditions hold true:
(i) For all j = 0, 4, 8, ..., 4k − 4,
B(i+1)+j < mp ≤Mp < B(i)+j . (49)
(ii) There exists j = 0, 4, 8, ..., 4k − 4, such that
B(i+1)+j ≤ mp ≤Mp ≤ B(i)+j , (50)
and there exists l = 0, 4, 8, ..., 4k − 4, such that
B(i+1)+l < mp ≤Mp < B(i)+l . (51)
We show that every positive solution of Eq.(1) is unbounded. We first establish some
useful lemmas. In particular, the next four lemmas will show that every positive solution
of Eq.(1) is unbounded and will consist of four subsequences; two of which converge to
0 and the other two diverge to infinity.
Lemma 33 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B3 < mp ≤Mp < B2 , B7 < mp ≤Mp < B6 , ... , B3+(4k−4) < mp ≤Mp < B2+(4k−4) .
Then
lim
n→∞x4n+4 = limn→∞x4n+6 = 0
and
lim
n→∞x4n+5 = limn→∞x4n+7 =∞ .
Proof: As in Lemma (1), Lemma (5) and Lemma (13), we let
M = max
{
Mp
B2
,
Mp
B6
, ... ,
Mp
B2+(4k−4)
,
B3
mp
,
B7
mp
, ... ,
B3+(4k−4)
mp
}
< 1.
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Thus, it follows by induction that for all n ≥ 0,
x4 ≤ M x0, x8 ≤ M x4, ... , x4k ≤ M x4k−4 .
Therefore, via the inequality above and as {An}∞n=0 is periodic with period 4k, it follows
by induction that for all n ≥ 0,
x4n+4 ≤ Mn+1 x0 .
So we see that
0 = lim
n→∞x4n+4 ≤ limn→∞M
n+1x0 = 0 . (52)
Also for all n ≥ 0,
x4n+5 = max
{
A4n+4
x4n+4
,
B4n+4
x4n+2
}
≥ A4n+4
x4n+4
.
Thus
lim
n→∞x4n+5 ≥ limn→∞
A4n+4
x4n+4
= +∞.
In addition, notice that
x4n+7 = max
{
A4n+6
x4n+6
,
B4n+6
x4n+4
}
≥ B4n+6
x4n+4
.
Thus,
lim
n→∞x4n+3 = limn→∞x4n+7 ≥ limn→∞
Bn+6
x4n+4
= +∞. (53)
Thus,
lim
n→∞x4n+7 ≥ limn→∞
B4n+6
x4n+4
= +∞. (54)
Now note that via (52), we get
lim
n→∞x4n+8 = 0. (55)
Furthermore, via (55) it follows that
lim
n→∞x4n+9 = max
{
lim
n→∞
A4n+8
x4n+8
, lim
n→∞
B4n+8
x4n+6
}
≥ lim
n→∞
A4n+8
x4n+8
= +∞. (56)
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Hence via (54) and (56) we see that
lim
n→∞x4n+6 = limn→∞x4n+10 = max
{
lim
n→∞
A4n+9
x4n+9
, lim
n→∞
B4n+9
x4n+7
}
= 0.
Thus the result follows.
2
Lemma 34 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B4 < mp ≤Mp < B3 , B8 < mp ≤Mp < B7 , ... , B4+(4k−4) < mp ≤Mp < B3+(4k−4) .
Then
lim
n→∞x4n+5 = limn→∞x4n+7 = 0
and
lim
n→∞x4n+6 = limn→∞x4n+8 =∞ .
Proof: The proof is similar to the proof of Lemma (33) and will be omitted. 2
Lemma 35 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B5 < mp ≤Mp < B4 , B9 < mp ≤Mp < B8 , ... , B5+(4k−4) < mp ≤Mp < B4+(4k−4) .
Then
lim
n→∞x4n+6 = limn→∞x4n+8 = 0
and
lim
n→∞x4n+7 = limn→∞x4n+9 =∞ .
Proof: The proof is similar to the proof of Lemma (33) and will be omitted. 2
Lemma 36 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B6 < mp ≤Mp < B5 , B10 < mp ≤Mp < B9 , ... , B6+(4k−4) < mp ≤Mp < B5+(4k−4) .
Then
lim
n→∞x4n+7 = limn→∞x4n+9 = 0
and
lim
n→∞x4n+8 = limn→∞x4n+10 =∞ .
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Proof: The proof is similar to the proof of Lemma (33) and will be omitted. 2
Theorem 9 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈ {0, 1, 2, 3},
Bi+1 < mp ≤Mp < Bi , B(i+1)+4 < mp ≤Mp < Bi+4 , ... , B(i+1)+(4k−4) < mp ≤Mp < Bi+(4k−4) .
Then
lim
n→∞x4n+2+i = limn→∞x4n+4+i = 0 and limn→∞x4n+3+i = limn→∞x4n+5+i =∞ .
Proof: The proof follows from Lemmas (33) - (36) and will be omitted. 2
The next four lemmas will assume that for some i ∈ {0, 1, 2, 3}, there exists j = 0, 4, 8,
..., 4k-4 such that
B(i+1)+j ≤ mp ≤Mp ≤ B(i)+j ,
and there exists l = 0, 4, 8, ..., 4k − 4 such that
B(i+1)+l < mp ≤Mp < B(i)+l ,
and show that every positive solution of Eq.(1) is unbounded and will consist of 4k
subsequences; 2k of which converge to 0 and the other 2k diverge to infinity.
Lemma 37 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B3 < mp ≤Mp < B2 , B7 ≤ mp ≤Mp ≤ B6 , ... , B3+(4k−4) ≤ mp ≤Mp ≤ B2+(4k−4) .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r = 0
and
lim
n→∞x4kn+4k+2r+1 =∞ .
Proof: Similarly as in Lemma (9) and Lemma (17), we let
M = max
{
Mp
B2
,
mp
B3
}
< 1 .
Therefore, as in Lemma (9) and Lemma (17) we get
x4k ≤ x4k−4 ≤ ... ≤ x8 ≤ x4 ≤Mx0 .
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Thus, via the above inequality and as {An}∞n=0 is periodic with period 4k, it follows by
induction that for all n ≥ 0,
x4kn+4k ≤ Mn+1 x0 .
So we see that
lim
n→∞x4kn+4k = 0 .
In addition, notice that
x(4kn+4k)+1 = max
{
A4kn+4k
x4kn+4k
,
B4kn+4k
x(4kn+4k)−2
}
≥ A4kn+4k
x4kn+4k
.
Hence
lim
n→∞x(4kn+4k)+1 ≥ limn→∞
A4kn+4k
x4kn+4k
= +∞. (57)
Also, note that
x(4kn+4k)+3 = max
{
A(4kn+4k)+2
x(4kn+4k)+2
,
B(4kn+4k)+2
x4kn+4k
}
≥ B(4kn+4k)+2
x4kn+4k
.
Thus,
lim
n→∞x(4kn+4k)+3 ≥ limn→∞
B(4kn+4k)+2
x4kn+4k
= +∞. (58)
Furthermore,
x(4kn+4k)+4 = max
{
A(4kn+4k)+3
x(4kn+4k)+3
,
B(4kn+4k)+3
x(4kn+4k)+1
}
.
Hence via (57) and (58), it follows that
lim
n→∞x(4kn+4k)+4 = max
{
lim
n→∞
A(4kn+4k)+3
x(4kn+4k)+3
, lim
n→∞
B(4kn+4k)+3
x(4kn+4k)+1
}
= 0. (59)
Also,
x(4kn+4k)+5 = max
{
A(4kn+4k)+4
x(4kn+4k)+4
,
B(4kn+4k)+4
x(4kn+4k)+2
}
≥ A(4kn+4k)+4
x(4kn+4k)+4
.
Hence via (59) we get
lim
n→∞x(4kn+4k)+5 ≥ limn→∞
A(4kn+4k)+4
x(4kn+4k)+4
=∞. (60)
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In addition, observe that
x(4kn+4k)+6 = max
{
A(4kn+4k)+5
x(4kn+4k)+5
,
B(4kn+4k)+5
x(4kn+4k)+3
}
.
Hence via (58) and (60) we see that
lim
n→∞x(4kn+4k)+6 = max
{
lim
n→∞
A(4kn+4k)+5
x(4kn+4k)+5
, lim
n→∞
B(4kn+4k)+5
x(4kn+4k)+3
}
= 0. (61)
Now observe that
x(4kn+4k)+7 = max
{
A(4kn+4k)+6
x(4kn+4k)+6
,
B(4kn+4k)+6
x(4kn+4k)+4
}
.
Thus via (61), we see that
lim
n→∞x(4kn+4k)+7 ≥ limn→∞
A(4kn+4k)+6
x(4kn+4k)+6
=∞.
We continue this process by induction similarly as in Lemma (9), from which the result
follows that for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r = 0 and limn→∞x4kn+4k+2r+1 =∞ .
2
Lemma 38 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B4 < mp ≤Mp < B3 , B8 ≤ mp ≤Mp ≤ B7 , ... , B4+(4k−4) ≤ mp ≤Mp ≤ B3+(4k−4) .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r+1 = 0
and
lim
n→∞x4kn+4k+2r+2 =∞ .
Proof: The proof is similar to the proof of Lemma (37) and will be omitted. 2
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Lemma 39 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B5 < mp ≤Mp < B4 , B9 ≤ mp ≤Mp ≤ B8 , ... , B5+(4k−4) ≤ mp ≤Mp ≤ B4+(4k−4) .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r+2 = 0
and
lim
n→∞x4kn+4k+2r+3 =∞ .
Proof: The proof is similar to the proof of Lemma (37) and will be omitted. 2
Lemma 40 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that
B6 < mp ≤Mp < B5 , B10 ≤ mp ≤Mp ≤ B9 , ... , B6+(4k−4) ≤ mp ≤Mp ≤ B5+(4k−4) .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x4kn+4k+2r+3 = 0
and
lim
n→∞x4kn+4k+2r+4 =∞ .
Proof: The proof is similar to the proof of Lemma (37) and will be omitted. 2
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Theorem 10 Let {xn}∞n=−2 be a solution of Eq. (1). Suppose that for some i ∈
{0, 1, 2, 3} the following two conditions hold true:
(-) There exists j = 0, 4, 8, ..., 4k − 4 such that
B(i+1)+j ≤ mp ≤Mp ≤ B(i)+j .
(-) There exists l 6= j, l = 0, 4, 8, ..., 4k − 4 such that
B(i+1)+l < mp ≤Mp < B(i)+l .
Then for all r = 0, 1, 2, ..., 2k − 1,
lim
n→∞x(4kn+4k)+2r+i = 0
and
lim
n→∞x(4kn+4k)+2r+(i+1) =∞ .
Proof: The proof follows from Lemmas (37) - (40) and will be omitted. 2
Remark 6 Note that if (49), (50), (51) do not hold true for all i ∈ {0, 1, 2, 3}, then
every solution of Eq. (1) is bounded and becomes eventually periodic.
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8 Conclusions and Future Goals
It is our goal to continue the investigation of the boundedness and periodic nature of the
positive solutions of the Non-Autonomous Max-Type Difference Equations. In order to
explore these type of equations further, we will consider delaying Eq.(1). In particular,
investigating the following possibilities:
(i)
xn+1 = max
{
An
xn
,
Bn
xn−l
}
, n = 0, 1, . . . ,
where l = 3, 4, 5, ... .
(ii)
xn+1 = max
{
An
xn−k
,
Bn
xn−l
}
, n = 0, 1, . . . ,
where k = 1, 2, 3, ... , l = 3, 4, 5, ... and k < l .
(iii)
xn+1 = max
{
An
xn−r
,
Bn
xn−s
,
Cn
xn−t
}
, n = 0, 1, . . . ,
where r = 1, 2, 3, ..., s = 2, 3, 4, ..., t = 3, 4, 5, ... and r < s < t .
We will attempt to discover the relations between these possibilities and possible gen-
eralizations. How do the delays and the periods of the sequences {An}∞n=0 and {Bn}∞n=0
affect the boundedness nature of the solutions and the transient behavior of the solutions
as well?
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